Abstract. Fractional Sobolev spaces, also known as Besov or Slobodetzki spaces, arise in many areas of analysis, stochastic analysis in particular. We prove an embedding into certain q-variation spaces and discuss a few applications. First we show q-variation regularity of Cameron-Martin paths associated to fractional Brownian motion and other Volterra processes. This is useful, for instance, to establish large deviations for enhanced fractional Brownian motion. Second, the q-variation embedding, combined with results of rough path theory, provides a different route to a regularity result for stochastic differential equations by Kusuoka. Third, the embedding theorem works in a non-commutative setting and can be used to establish Hölder/variation regularity of rough paths.
Fractional Sobolev Spaces
For a real valued measurable path h : [0, 1] → R and δ ∈ (0, 1) and p ∈ (1, ∞) we define the fractional Sobolev (semi-)norm Define W δ,p as the set of h for which |h| L p + |h| W δ,p < ∞. They are known to be Banach-spaces. For 1 ≥ δ > 1/p > 0 one can assume that h is continuous; compare with the embedding theorems below. It then makes sense to consider the closed subspace is the usual Cameron-Martin space for Brownian motion. We recall some well-known continuous resp. compact embeddings 1 [1] , [3] , [2] ,
The symbol ⊂⊂ means compact embedding.
A q-Variation Embedding
Theorem 1. Let p ∈ (1, ∞) and α = 1 − 1/p > 0. Then the variation of any h ∈ W 1,p is controlled by the control function
and we have the continuous embeddings
Proof. By absolute continuity and Hölder's inequality with conjugate exponents p and 1/α
We now show that the variation of h is controlled by the control function
. From Hölder's inequality with conjugate exponents p and p/ (p − 1) = 1/α we obtain
This shows that ω is super-additive and we conclude that for any 0 ≤ a < b ≤ 1,
In particular, we established
Theorem 2. Let 0 < δ < 1 and p ≥ 1 such that
Proof. We have
The Garsia-Rodemich-Rumsey lemma with Ψ (·) = (·) p and p (·) = (·) 1/p+δ yields
We now show that the q-variation of h is controlled by the control function
Note that p/q = 1/ (pα + 1) ∈ (1, ∞). From Hölder's inequality with conjugate exponents p/q and p/ (p − q) we obtain
The first factor is easily estimated
To estimate the second factor note that the exponent of (t − s) resp. (u − t) equals one, indeed qα p p − q = 1 ⇐⇒ q = p pα + 1 and the second factor equals
In particular, we have established continuity of the embeddings
The case p = 2 deserves special attention. The assumptions of Theorem 2 are then satisfied for any δ ∈ (1/2, 1).
Remark 1. In [6], Kusuoka discusses differentiability of SDE solution beyond the usual Malliavin sense. In particular, he shows the existence of a nice version of the Itô-map which has derivatives in directions
⊂ C q-var with q = 1/δ < 2 this result is now explained by Lyons' theory of rough paths [8, 7] . Note that in Lyons' [7] . To illustrate the idea we give a simple application to enhanced Brownian motion B, see [5, 4] . Then
For every α < 1/2 and δ ∈ (α, 1/2) there exists p 0 (δ) such that for all p ≥ p 0 the double integral is bounded by 1. Thus for all p large enough,
Is is well-known, [5] , that B 0,1 has a Gaussian tail and it follows that B W δ,p has a Gaussian tail, provided p ≥ p 0 (δ). For p large enough we have α ≤ δ − 1/p and we conclude that B α-Hölder has a Gaussian tail, too. For a direct proof see [4] . 
Cameron Martin space of fBM
We consider fractional Brownian motion with H ∈ (0, 1/2). Call H H the associated Cameron-Martin space. The W δ,2 -norm of h 1 is equivalent to dt ( * ) /t 1+2δ which is less than C |g| 2 L 2 provided 1 + 2H − (1 + 2δ) > −1 and this happens precisely for δ < H + 1/2.
Step 3: A straight-forward computation shows (one can assume g ∈ C 1 ∩ L 2 for the computation) that ḣ 2 < C |g| 2 L 2 provided p < 1/ (1 − H) and hence h 2 ∈ W 1,p .
From (1.2), W 1,1/(1−H) ⊂ W H+1/2,2 . Similarly, given δ < H + 1/2 we can find p < 1/ (1 − H), close enough to 1/ (1 − H) so that W 1,p ⊂ W δ,2 .
